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ARTICLE INFO ABSTRACT

The objective of this study was to develop mathematical functions to predict deflection for radial
and bias tires. In order to develop the models, the data were obtained from the tire manufacturing
companies and organized in Excel first and then transferred to Minitab® for stepwise regression
analysis. The variables considered in the study were inflation pressure, load and tire width and
overall diameter. Tire width (w) and overall diameter (d) was considered in a multiplication form.
The tire deflection models in two different form (linear and non-linear) were developed for both,
radial and bias tires. The model selection was achieved by three different criteria and % differences
between the measured and predicted data. Based on the results of applying model selection criteria,
the models for radial and bias tire in non-linear form were found to be adequate for predicting the
tire deflection. The results from the stepwise analysis indicated that the load on tire was the
predominant variable in the models and made the highest contribution to the prediction functions.
The developed models were verified against to published literature data and found a good
agreement.

Research Article

Received : 08/06/2021
Accepted : 27/07/2021

Keywords:
Mathematical modelling
Model selection

Tire stiffness
Non-linear models

Tire size

® nttps:/forcid.org/0000-0002-7213-8725 | ®@) adnan.degirmencioglu@ege.edu.tr () https://orcid.org/0000-0001-9916-7967

a-;if"jvfirat.komekci@ege.edu.tr

This work is licensed under Creative Commons Attribution 4.0 International License

Introduction

Back in the 1950s, the radial tire named Cinturato where C; is 1.15 for conventional, 1.5 for radial tires.
(means belted) by Pirelli (Mention of trademark or
company name does not imply the endorsement of the
company and its products by the authors and their
institution) was invented and as a result of this invention,
the studies concerning the behavior of radial and bias tires
under load and their tractive characteristics were initiated.
These studies were conducted mostly in comparison

manner. Tire deflection is one of the typical examples of

K= 15x103xB+0.42

Q: wheel load (kp)

B: width of tire (cm)

D: diameter of tire (cm)

P: inflation pressure (kp cm?)

tire behavior under load and that is a result of tire
construction, tire related variables, inflation pressure and
load. Depending upon the surface, the deformation either
occurs totally on tire on rigid surface while the deformation
is shared by tire and soil if the tire interacts with soil. The
reason for finding tire deflection is that the tire contact
length and width and then the contact area can be
calculated (Wong, 1978; Bekker, 1985; Upadhyaya and
Wulfson, 1990).

Komandi (1976) developed a function for the
prediction of deflection as in the following:

Q085
B0.7 p0.43 PO-6

AR = C; K (cm) (1)

Komandi (1976) then developed contact area model
and used ten different conventional tires. Experiments
conducted on concrete pavement suggested the following
empirical relationship:

L'=17.(D — Ar) Ar 2

F=(L'—b)b+§b2 (3)

Where L' is the length of contact area, a function of tire
diameter (D) and deflection (Ar), and b is the width of the
contact area, F is the contact area. But the models
developed were only valid for a tire size range from 9-24
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to 15-30 and at inflation pressures varying between 0.4 to
1.6 kp cm (39.2 to 157.0 kPa).

Rafiee et al. (2014) conducted a study to develop
deflection model for bias tires and considered section width
(b) and overall unloaded diameter (d), inflation pressure
(P), vertical load (W) and rotational speed (N). For this
purpose, deflection of three bias-ply tires with different
section width and overall unloaded diameter were
measured at three levels of inflation pressure, four levels of
vertical load and six levels of rotational speed. They
developed a model in linear form of the variables
considered.

Painter (1981) presented a simple geometrical theory
for pneumatic tire deflection under load on a smooth, rigid,
plane surface. The model consisted of dimensionless terms
created by using the principles of dimensional analysis. He
verified his model with limited number of tires.

Upadhyaya and Wulfson (1990) developed functions to
predict contact length, width and then for calculating the
contact area of a tire. For the contact length and width of
the tire, they developed the equations given below.

ﬂf=2\/% (4)

w 5,

R, 2¢ 2R, (5)
Lely

Ac = 5% [m—2n] (6)

where,

&, deflection

Ic: contact length

d: overall diameter

lw: contact width

R.: tread radius

&: coefficient and 7 is a function of |y

The literature review indicates that the tire deflection is
a key parameter and it is an indicator of how stiff the tire
is. It is used in order to find out tire behavior under load
(stiffness) and for finding contact length and width and
finally for calculation of contact area. The literature search
revealed that the theoretical or empirical tire deflection
models were created with a limited number of data and then
tested. This means that there is no model that makes
prediction of deflection in a wide range of tire related
variables (width and diameter), inflation pressure and load
in the literature. Hence, a study was conducted and the
objective of this study was to develop mathematical
functions to predict deflection for radial and bias tires.

Materials and Method

The data to develop mathematical functions to predict
tire deflection for both, radial and bias tires were obtained
from the published catalogues of two tire manufacturing
companies. The number of the data and the manufacturers
to develop mathematical functions for tire deflection are
tabulated in Table 1. A schematic view of a tire cross
section is depicted in Figure 1.

Table 1. Data used to develop prediction functions for
deflection for radial and bias tires from different
companies

Number of
Model Company data points Total
Deflection for A 264 456
radial tires B 192
D_efle_ctlon for A 129 264
bias tires
Overall
Section Width
Section Width (w)>
A A
Section
( Height
Y
A
: Overall
RD|ir:meter 4 o —
(D)
Y Static
Loaded
Radius
Y Y

NN
Tread Width
«< >

Deflection (AR)
A

Figure 1. A schematic view of a tire cross section

The deflection function theoretically considered as in
the following:

AR= £ (I, L, wD) ©)

where;

AR deflection (m)

: inflation pressure (kPa)
- vertical load (kN)

: section width (m)

: overall diameter (m)

h=]

Osr

As understood from the theoretical deflection model,
width of the tire and overall diameter was considered in a
multiplication form that refers to a tire size (TS) as it was
used by Diserens et al. (2011) for the development of
contact area models for agricultural tires.
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In the catalogues, the above mention variables were
given along with the static loaded radius. From the
catalogue values, tire deflection (AR) on a rigid surface
was calculated to be overall diameter/2 minus the static
loaded radius.

A significant number of data were obtained from the
catalogues and organized in Excel first and then transferred
to Minitab® V19 for stepwise analysis at a probability level
of a=0.05.

Even though many different model types with different
with or without transformations to the variables were
developed but the predictions of such models were not
acceptable level in terms of model selection criteria that
described below. Hence, only two different models for
deflection (Table 2) for both, radial and bias tires were
considered in this paper.

The model selection criteria are the coefficient of
correlation (r) and the lower the Erms and ¥? as used many
mathematical modelling studies (Phitakwinai et al. 2019;
Kouhila et al. 2020; Ozdemir and Degirmencioglu, 2020;
Alibas et al. 2021) Additionally, % difference values were
also used for the comparison purposes.

1
1 2 /2
Erms = [ﬁ Z}\]=1(Ypred.,i - Ymea.,i) ] (8)
Zivz (Y re .,i_ymea.,i)2
XZ = np Nd—nl (9)

Difference (%) = Ypr‘e(dﬂ 100
mea

(10)
where;

Erws: root mean square error

x% : khi square

Ypre. : predicted deflection

Y mea. : Measured deflection

N : number of measurements

n : number of model constants

The higher the coefficient of correlation (r) and the
lower the Erms and y2 are, the better the models make
predictions.

Table 2. Theoretical model forms considered for the
prediction of deflection for radial and bias tires
Model description Theoretical form of the model

Linear model AR= by+balpt+bal+bs wD
Power model AR = by 1,7 L" wD™

biba...... b, are model constants

Results and Discussion

The following deflection models were developed for
radial tires:

AR,=0.0544-3.367x10°1p+0.000291L +0.0304(wD) (11)
(R?=0.729)

AR,=0.0169 1p-0242 | 0368 (wD)0129 (R2=0.807) (12)

As seen from the models, inflation pressure is inversely
related with tire deflection while increase in load and wD
results in an increase in tire deflection.

The models developed are valid under the following
conditions for deflection for radial tires:

117.2 <1, <579.1 kPa
0.228 <w<1.028 m
0.86<D<233m
1154 <L <£137.2 kN

These two models were subjected to model selection
criteria in order to select the one and the results from the
comparison of two radial tire deflection models based on
the criteria are tabulated in Table 3.

In terms of three criteria along with % difference range,
the power model seems to be the one to be selected for
predicting the tire deflection for radial tires. The
distribution of % difference for four different range for
radial tires are tabulated in Table 4. As seen from the table,
the % differences for power form model accumulated
within the -10 and +10% range (66%). The overall range
in the power form varies between -26.74 and +27.67%.
This range is considered to be acceptable since only four
variables from the catalogues were used in order to create
simple models such that the variables can be readily
obtained. The changes in number of plies and carcass form
of the tires may affect the deflection but these were not
considered in modelling studies.

The models given in equation 11 and 12 were obtained
by regressing the variables using stepwise procedure at a
probability level of 95%. The results from the stepwise
analysis for the power model are tabulated in table 5 since
this model for radial tires was selected.

As seen from the table, the highest contribution to the
model is made by load. Inflation pressure and wD were
also included in the model at a probability level 95%.

The data used to create the model in power form were
correlated with the predictions and the comparison of
measured and predicted deflections is shown in Figure 2.
As seen from the figure, the data accumulated on or around
the diagonal line that represents perfect fit. The correlation
coefficient (r) between the two was found to be 0.898.

The data obtained from the tire manufacturers
catalogues for bias tires were also analyzed as in the same
way used to create models for radial tires and the following
models were developed for bias tires:

ARy=0.0172-6.06x10°51p+0.00047L+0.0606(wD) ~ (13)
(R?= 0.866)
ARy=0.114 023 L0252 (wD)* 1291 (R2=0.907) (14)

As understood from model equations given above,
increasing load and wD resulted in an increase in tire
deflection while inflation pressure caused a reduction. The
sign for multiplication of width and overall diameter is
positive and this means that the increase width and
diameter interaction increases the deflection. This is
controversial with Equation 1 as developed for bias tires by
Komandi (1976) since tire diameter was inversely related
with tire deflection.
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Table 3. Results from the model comparisons to predict the deflection (ARr) for radial tires based on three criteria and
% difference

Model description r Erms 1> % difference
Linear model 0.85 0.0104 0.00011 -28.9 and +35.71
Power model 0.898 0.0038 8.86 10° -26.74 and +27.67

Table 4. Distribution of % difference for the tire deflection comparisons between the measured and predicted values for

radial tires
Model Ranges for % difference*

-28.59 and -10 -10and 0 0 and +10 +10 and +35.7 Total

Linear 16 % (73) 26.5% (121) 36.0 % (164) 21.5 % (98) 100% (456)
62.5 % (285)

-26.74 and -10 -10and 0 0 and +10 +10 and +27.67 Total

Power 16.9 % (77) 29.3 (134) 36.7 % (167) 17.1 % (78) 100% (456)
66 % (301)

*The numbers in parenthesis are the number of data points.

Table 5. The results from the stepwise regression analysis (Equa.12) for the deflection for radial tires

Variable % contribution P value

Inflation pressure (Ip; kPa) 0.56 <0.001

Vertical load (L; kN) 79.82 <0.001

Section width x overall diameter (wD; m?) 0.37 <0.001
Model R? 0.8075

Table 6. Results from the model comparisons to predict the deflection (ARD) for bias based on three criteria and %

difference
Model description r Erms 12 % difference
Linear model 0.930 0.0069 4.88 10° -22.71 and +34.82
Power model 0.952 0.0066 4.49 10° -23.24 and +24.94

Table 7. Distribution of % difference for the tire deflection comparisons between the measured and predicted values for

bias tires
Model Ranges for % difference*

-22.71 and -10 -10and 0 0and +10 +10 and +34.82 Total

Linear 14.8 % (39) 31.4 % (83) 32.6 % (86) 21.2 % (56) 100% (264)
64 % (169)

-23.24 and -10 -10and 0 0and +10 +10 and +24.94 Total

Power 16 % (42) 32.2 (85) 34.4 % (91) 17.4 % (46) 100% (264)
66.6 % (176)

*The numbers in parenthesis are the number of data points.

On the other hand, one of the bias tire deflection models
by Rafiee et al. (2014) was in the form as in the following:

Ar=17.795+0.00002(wD)-0.366715+0.0356L-0.0050 N

As seen from the model, the sign for multiplication of
width and overall diameter is positive just like in deflection
models developed in this study. Actually, the
multiplication of wD is a kind of indicator of theoretical
contact area since McKyes (1985) suggested a contact area
model on rigid surface in the following form:

A, =22 (15)

For the model selection, the results from the model
selection criteria along with % difference values were
calculated and tabulated in Table 6.

Considering the model selection criteria and %
difference values, it could be stated that power model is the
model that can be selected for the deflection predictions for
bias tires.

Differences (%) were divided into four groups and the
results are given in Table 7. As seen from the table, most
of the data accumulate within -10 and +10% range.

The results from regression analysis for power model
are given in Table 8. As it was the case for radial tires, load
on tire was found to be the predominant variable as a result
of stepwise regression analysis. Inflation pressure and
section width x overall diameter was also brought into the
model at a probability level of 95%.

The comparison of measured and predicted deflection
for bias tires is depicted in Figure 3. As seen from the
figure, the data accumulate on or around the diagonal line
with a correlation coefficient of 0.952.
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Table 8. The results from the stepwise regression analysis (Equa. 14) for the deflection for bias tires

Variable % contribution P value

Inflation pressure (Ip; kPa) 2.30 <0.001

Load (L; kN) 86.61 <0.001

Section width x overall diameter (wD-m?) 1.83 <0.001
Model R? 0.9074

Table 9. Load-deflection constants and selected stiffness values and calculated loads on tire

Inflation pressure (kPa) a 2b K (N/m) Load (N)
41 55628 1066160 140000 11079.1
83 87092 1506772 200000 14986.7
124 101815 3176060 350000 27349.8
124 101815 3176060 400000 37554.1

Table 10. Comparison of deflection values as measured by Taylor et al (2000) and predicted ones from the developed
model for radial tires

Inflation pressure (kPa) Load (N) Deflection Predicted % Difference
by Taylor et al
41 11079.1 0.079 0.070 12.885
83 14986.7 0.075 0.066 13.445
124 27349.8 0.078 0.075 4.482
124 37554.1 0.094 0.084 11.710
0.2 0.12
= 014 ob )
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— ‘. =
o [<5}
T 01 - T 0.06 A
2 ©
k3 B
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£ 0.05 4 3 ()
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0 0.05 0.1 0.15 0.2 0 002 004 006 008 01 012
Measured deflection (m) Measured deflection (m)

Figure 2. Comparison of the measured and predicted (Equa.  Figure 3. Comparison of the measured and predicted

12) deflection for radial tires (Equa.14) deflection for bias tires
0.12 0.09
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—_ ~ 0.08 -
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Figure 4. Comparison of predicted (Equa. 12) and Figure 5. Comparison of predicted (Equa. 14) and
published deflection data for radial tires published deflection data for bias tires
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Verification of the Developed Models Against to
Published Data

The deflection model developed for radial tires was
verified against to published literature data. The
comparison results are depicted in Figure 4. For the
comparison purposes, the data obtained from different
studies conducted by Wulfsohn and Upadhyaya (1992),
Brassart and Wright (1993), Taylor et al. (2000), Ragheb
et al. (2013), Wang et al. (2014), Anonymous (2018) and
Guo and Zhou (2019). The percent differences between the
predicted and measured tire deflection data ranged between
-27.5 and +22.5%.

As mentioned above, the data for comparison purposes
for the deflection of radial tires were compiled from
different sources. One of them was the study conducted by
Taylor et al. (2000).

Taylor et al. (2000) measured the vertical stiffness using a
260/80R20 radial ply agricultural drive tire using five
methods. These methods were load-deflection, non-rolling
vertical free vibration, non-rolling equilibrium load-
deflection, rolling vertical free vibration, and rolling
equilibrium load-deflection. They conducted experiments at
three different inflation pressures (41, 83, and 124 kPa). They
recommended the following equation due to simplicity;

L = ad + bd? (16)
where;

L: vertical load (N)

A: vertical deflection (m)

a: regression coefficient (N m)
b: regression coefficient (N m?)

Vertical stiffness was determined by taking the first
derivative of load with respect to deflection. This resulting
stiffness increases linearly with deflection

k=a+2bs 7
where;

k: vertical stiffness (N m™)

d: vertical deflection (m)

a: regression coefficient (N m)
b: regression coefficient (N m?)

They reported the coefficients of load-deflection
coefficients as a function of inflation pressure as in the
following (Table 9).

As seen from the above table, for different stiffness (k)
values, deflection was calculated using equation 17 and then
using equation 17, the load on tire (N) was found. The
deflection found from Taylor et al. (2000) approach was
compared with the model developed for radial tires in this
study as seen in Table 10. The reason for making limited
number of comparison is due to the range for load (11.54 <L
< 137.2 kN) to develop deflection function for radial tires and
range for stiffness values as reported by Taylor et al (2000).

As seen from Table 10, % differences between the
Taylor et al (2000) and predicted values ranged between
4.48 and 13.44. These differences are at acceptable level.
This comparison clearly shows the importance especially
load and inflation pressure since the coefficients (a and 2b)
were found as a function of inflation pressure and then the
deflection was calculated from the load.

Dwyer et al. (1974), Matthews and Talamo (1965) and
a tire company data (Anonymous, 2018) were used for
comparisons. The comparison of the predicted deflection
and the literature data are shown in Figure 5. The percent
differences between the predicted and measured tire
deflection data ranged between -18.1 and +19%. These
differences are assumed to be at acceptable level.

As a final statement, it could be stated that the models
developed in this study have built on widest range of
variables in the literature. The variables considered for the
development of the models are the ones that can be readily
obtained.

Conclusions

The followings were concluded from the study
conducted:

e The developed models to predict deflection in this
study were in non-linear (power) form and function of
inflation pressure, load and tire size (TS= section
width x overall diameter).

e Increasing the load and TS increased the deflection
while an increase in inflation pressure reduced the tire
deflection.

e The predominant variable was the load on tire and
made the highest contribution to the models (79.82 and
86.61% to radial and bias tire power model,
respectively.)

e The predictions from the models were verified against
to published data available in the literature and found
a good agreement.

e The models developed are the ones that have the
widest range of variables as considered to be the load
on tire, inflation pressure and TS.
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